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AsrRAcr A concept is presented for modeling flows through membranes using
continuum mechanics. Viscous interactions (due to velocity gradients) are explicitly
incorporated and position-dependent local water-membrane interactions are taken
into account before obtaining slab averages. This is in distinction to other treat-
ments where strictly one-dimensional force balance equations are written using
slab average friction coefficients which are really composite functions of local
interactions. It is shown that the viscous and other frictional interactions do not
simply form linear combinations in the solutions to the equations of motion. Flow
profiles for pressure-driven flows ranging from Poiseuille's flow to "diffusion" flow
are obtained depending on the strength and extent of the water-membrane inter-
action. The model is also applied to self-diffusion flows and the measurement of
"equivalent pore size." It is shown that for a fixed pore size the ratio of filtration
flow to self-diffusion flow for equal driving forces is able to vary over a wide range
depending on the water-membrane interaction.
INTRODUCTION
This work is addressed to the modeling of flows through membranes using local
equations of motion to describe the local flow of each mobile component. The
equations of motion are essentially of the same form as those derived by Bearman
and Kirkwood (1) using statistical mechanics. Since the Bearman-Kirkwood equa-
tions were derived for simple solutions, we can not claim that those used here are
identical with them. One can imagine Bearman-Kirkwood equations of motion
being applied directly to the fluid within the interstices of a membrane with inter-
actions with the membrane substance taken into account. (For an example of this
approach see Manning [2] where the analysis is made for the case which excludes
viscosity.) An alternative, which has been discussed elsewhere (3) is to include the
membrane as a component. For the purpose of this work the latter approach is
not necessary and would obscure the point being made. In the case of less-than-
rigid membranes or liquid membranes this would be the necessary approach. Such
equations have been applied by other workers without making a necessary or direct
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link to their statistical mechanical basis (4, 5). If the reader is more comfortable
thinking about the problem in this way it will not detract from the validity of the
results obtained here. It should be pointed out that Vaidhyanathan and Perkins (6)
used a similar statistical mechanical derivation to that used by Bearman and Kirk-
wood and, without going through equations of motion, obtained flow equations
analogous to those obtained by Kedem and Katchalsky (7) from the nonequilibrium
thermodynamic approach. What this work will demonstrate is that if the membrane
has the property that velocity gradients resulting in viscous (as opposed to frictional
[8]) dissipation occur during the flow process in the membrane, the Kedem-Katchal-
sky equations are not the general result of solving the equations of motion. This is
due to the fact that their approach, like so many others (9-11), introduces a force
balance equation which does not take into account viscous interactions in a single
component but only those which result from relative motion of various components.
Note that the mathematical form in which the viscous forces occur (the laplacian
of the velocity field) demands that some notion of the membrane geometry be
assumed before solutions of the equations of motion can be obtained, and the
approach is thus less general. On the other hand this loss of generality is necessary
if a complete description of all the forces involved is to be considered. The pro-
cedure used by Kedem and Katchalsky was essentially to perform a force balance
by implicitly using average values over a slab of membrane interior, reducing the
balance equations to a one-dimensional balance along a direction following a flow
path through the membrane. In the case of viscosity such a procedure is not possible
simply because the phenomenon itself represents a momentum transport in a
direction normal to the flow path, into the membrane matrix.' In such cases a
three-dimensional balance equation must be written. Such equations usually reduce
to two-dimensional equations when radial symmetry or something analogous to
long, narrow, rectangular slits can be assumed to represent the membrane geometry.
We will use such representations here since the mathematical simplification obtained
will help to make the physical significance of the viscosity clear and hence be worth
any loss of generality. Note that conformal mapping techniques can be used to
carry these solutions into other categories (12).
This paper will be limited to a fairly simple case: the flow of water through a
membrane. We will apply the results to the interpretation of equivalent pore size
measurements which involve comparison of osmotic or hydraulic permeability to
self-diffusion type permeabilities. From the viewpoint expressed above, the es-
sential difference between these equations is the possibility of momentum transfer
of the type discussed in footnote 1 (viscosity) in the former experiment and its
complete absence in the latter.
I For a very lucid exposition of this point see Chapter 1 of Transport Phenomena by R. B. Bird,
W. E. Stewart, and E. N. Lightfoot, 1960, John Wiley and Sons, Inc., New York. The discussion
on p. 1-5 is directly pertinent to the point being made above.
DONALD C. MIKULECKY Flow Equations for Membrane Transport 1643
In a subsequent paper, solute equations of motion will be introduced and a
comparison will be made between the Kedem-Katchalsky frictional coefficients and
their analogues obtained by solving equations of motion. Preliminary versions of
this work have already been reported (13, 14). It will be demonstrated that the
Kedem-Katchalsky slab average coefficients are really composites of the local
fractional and viscosity coefficients, even in the simplest special case, as long as
velocity gradients do not disappear in the membrane.
The Equation of Motion Applied to Water Flow Through a Membrane
A major question arises when we attempt to interpret the significance of water-
membrane interaction in a membrane with a specific geometry. The simplest
possible case is the flow of water through a pipe or cylindrical pore. In this case,
the steady-state equation of motion reduces to just two contributions: the driving
force and the viscous forces which are equal and opposite to them. This is, of course,
a fairly straightforward application of Newton's second law of motion when we
recognize that accelerations vanish in the steady state for a continuum mechanical
course graining. The solution to this equation is well known as Poiseuille's law. To
obtain this solution to the second ordinary differential equation of motion, two
boundary conditions are applied. The first is the absence of relative motion between
the fluid layer adjacent to the pipe or pore wall and the wall itself, and the second
is the vanishing of velocity gradients at the center of the pore. It is the first of these
boundary conditions that is crucial here. It can be put into perspective by acknowl-
edging that it is equivalent to assuming that the water-membrane interaction is
essentially infinite at the pore or pipe wall and negligibly small everywhere else
inside the channel. This seems a reasonable approach for large pipes or pores, but
leaves out the possibility of specific local water-membrane interactions which
depend on the nature of the membrane material. Kedem and Katchalsky simply
assumed such specific interactions were possible and introduced them through a
slab average water-membrane friction coefficient which multiplies the water velocity
(the relative velocity between water and a stationary membrane). When we attempt
to introduce these interactions at a local volume element, the first fact we must
deal with is that the local friction coefficient is position dependent. This is obvious for
the limiting case of Poiseulle's law as described above, where the value of the
coefficient increases from some value near zero in the pore to approaching infinity
right at the boundary. Without introducing specific models for water-membrane
interaction, it is possible to take into account so broad a range of position-de-
pendent water-membrane friction coefficients as to cover the range of possibilities
from Poiseulle's law at one limit to a purely "diffusional" flow where velocity
gradients disappear at the other.
Let us now model the local water-membrane frictional interaction by the follow-
ing functional form:
Fwrm = F,*(r/a)n, (1)
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FiGuRE 1 The position dependence of the local friction coefficients for various values of
the exponent n. The distance from the pore wall is 1 - x.
Here F.. is the value of the interaction .t the wall, a is half the distance between
walls (the radius in cylindrical geometry), and r is the distance from the channel's
midpoint to the point at which the interaction is being evaluated. The exponential
parameter n is a measure of how quickly the interaction falls off with distance from
the membrane walls (see Fig. 1). Poiseuille's law (vanishing F,.m) can be approached
as F. -+ 0 and/or as n -x o. The equation of motion for water as a single mobile
species is
PV29- FwtmVw - cwVw = 0, (2)
where v is the viscosity of water, v is the velocity of the local center of mass, v.1 is
the velocity of water, cw is the composition variable ce, = Xw/v where X.,
is the mole fraction of water and v is the mean molecular volume, p. is the
concentration of water in grams per cubic centimeter or its density where
Pw = m.1,c1, , now is the mass per molecule of water, w is the chemical potential of
water. F,.m is defined above and related to the type of coefficient derived by Bearman
and Kirkwood, ¢tom I by Fwom = Cwwtowmcm . The center of mass velocity if we consider
the membrane as a component is v = (ptoVw + pmVm)/p, where p = pm + pw is the
density of the water membrane system. Since Pm= 0, v = (pto/p)vo . Since we are
considering only the fluid-filled spaces inside the membrane we have also that pw4,
p. Equation 2 then becomes
V29 - (Fwto/n)p = (cw0/ne)Vts2*. (3)
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We will now solve this equation for a cylindrical channel using equation 1 to model
the local water membrane interaction. For this case 3 becomes
d2v,/dr2 + (l/r)dvl/dr - a2(r/a)nv. = B, (4)
where v, is the component of the velocity down the pore axis and a2 and B are
defined as
a = Fw/y, B=c,VO ( 5)
The boundary conditions are the same as in the case of Poiseuille flow mentioned
earlier, namely that
V = 0 at r = a,
dv,/dr = Oat r = 0. (6)
We make the change of variables x = (rla) to simplify equation 4 which becomes
d2v,/dx2 + (l/x)dv,/dx - 2Xn = Ba2. (7)
We look for a solution of the form
VV = [u + x2 - 1](Ba2/4), (8)
to insure that Poiseuille's law is recovered when F,* -O 0 and/or n X (u = 0 in
that case).
Substituting equation 8 into equation 7 using the substitution A = aa we obtain
d2u/dx2 + (l/x)du/dx - A2Xnu = A2(x2 - l)xn. (9)
We make one last variable change to put equation 9 in the form of a modified
Bessel's equation using
ly = 2A/(n + 2), co = )eX,12 + 1 (10)
in equation 9 we obtain
d2u/dw2 + (l/w)du/dw - u = [w/7]4/(n + 2) 1 ( 11)
This inhomogeneous form of a modified Bessel's equation has the solution
U = [f(y) -l[Io(w)/Io(y)I + 1 -f(), (12)
where
f(t) = Ko(t) ft _- Io(t) f (w/yY)4/(n+2)Ko(CO)odw, 13
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FIGURES 2-6 Flow profiles for cylindrical pores. Velocity at each point relative to maxi-
mum velocity for Poiseuille flow is plotted in the horizontal direction vs. distance from the
pore wall 1 - x in the vertical direction. The value of the exponent n in the position-de-
pendent frictional coefficient is given in the lower right-hand corner for each plot. The
values of the interaction parameter A appear alongside each curve at the top of each plot.
and lo and Ko are modified zero-order Bessel functions of the first and second kind,
respectively. Thus the total local flow along any streamline is given by:
V. = [u + x2- l](Ba2/4) = {0f(zy) - 1][Io(Co)/Io(y)] -f(w) + x2)(Ba2/4). (14)
Two parameters are important in determining the shape of the flow profile in the
pore: one is the parameter
A = aa = a(F f/,i)112, (15)
which is a dimensionless measure of the strength of the water-membrane interaction
at the interface between the membrane matrix and the fluid phase. The other is n,
the integral power of the position dependence of the frictional interaction. The
larger the value of n, the shorter the range of the interaction. If n = 0 the interac-
tion is constant across the pore, if n = 1 it falls off linearly, etc. Fig. 1 shows the
value of F,,,, as a function of 1 - x for various values of n as a parameter. Figs.
2-6 give the flow profiles, vy/vm,, as a function of 1 - x with A as a parameter.
Each diagram is for a different value of n.
For small values of A, the curves approach a Poiseuille flow profile. As n increases
the water-membrane interaction falls off more steeply with distance from the
membrane matrix, and all the curves approximate Poiseuille flow profiles more
closely.
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The other extreme is when n is small and A is large (significant water-membrane
interaction throughout the membrane interior). The resultant flow profiles are
relatively flat and approach the kind of profile usually interpreted as a diffusion-like
process. It will be shown below that these results approach the flows obtained in a
self-diffusion experiment exactly.
The intermediate values span the range between the two extremes and we have
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generated a continuum theory which should be applicable to all types of water flow
through membranes which have a relatively fixed geometry. A more cumbersome
problem, but possibly even more relevant to biological systems, can also be ap-
proached by using equations of motion, namely, the description of water flow
through a membrane with a fluid or semimobile matrix. Additional equations of
motion for the membrane itself would have to be incorporated, the restriction that
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the membrane is strictly stationary removed and some constraint on the motion of
membrane molecules imposed. Obviously the latter statement is a physical reality
in all cases where pressure gradients can exist in the system without the membrane
being torn apart.
These results point to a severe criticism of the use of Poiseuille's law as an approxi-
mation for flows in any cases where the membrane is sufficiently "tight" for the
approximation Ftcm(r) = 0 to be invalid. This has a direct bearing on the practice
of "measuring" pore size in membranes using a combination of Fick's law for
diffusion and Poiseuille's law to describe the result of two water flow measurements.
In one case, self-diffusion flows are measured; in the second, hydrostatic or osmotic
gradient driven flows are measured and the pore size is calculated from their ratio.
We will now discuss this problem in detail.
THE MEASUREMENT OF EQUIVALENT PORE SIZE BY
COMPARISON OF FILTRATION AND SELF-DIFFUSION
The classical approach was introduced by Pappenheimer et al. (15) and has recently
been reviewed by Solomon (16). The approach goes something like this: two sets
of measurements are made on the same membrane. One is the self-diffusion of
tritiated water across the membrane and the second is the water flow due to a
pressure gradient. The flows per unit driving force are compared by taking their
ratio.
The theory behind this is as follows: for the self-diffusion flow Fick's first law
gives (normalized per unit area)
J,d = D(Ac/Ay), (16)
and the pressure driven flow per unit area is given by Poiseuille's law.
(v.) = (a2/8tn) (AP/Ay). (17)
(The equations are sometimes corrected for various factors such as the difference
in the probabilities that particles will enter the pore in the two different situations
and the actual finite size of the water molecules, see Solomon's review for this. A
word of caution about using Faxen's equations, they are an approximation which
is good only when the size of the permeating molecule is much less than that of the
pore. In narrow pores this is a problem [17].)
For our purposes these two equations without the modifications mentioned above
will suffice to demonstrate the point. If we put Ac and AP in the same units and take
the ratio of the volume flows for equivalent driving forces we get
(Vv)/(Jsd17w) = (a2RT/8qDP7w) (AP/Ar), (18)
where Ar = RTAc so that for AP (itration experiment) = Ar (self-diffusion
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experiment),
a = [J((vu/J,d)(8tjDJ7w/RT)]12, (19)
where Jad = Jad7w is the volume flow of tritiated water due to self-diffusion in the
self-diffusion experiment. Thus with two experiments we get the ratio
(V1)/lJd,
from which we can calculate a the "equivalent pore radius." For a membrane which
consists of cylindrical pores of uniform radius of the pores this is the actual pore
dimension. For any other membrane it is an attempt to represent the unknown
structure by an equivalent regular structure. We will now carry our three-dimensional
analysis further and compare the result with this classical result.
TWO APPROACHES TO THE EQUIVALENT
PORE RADIUS EXPERIMENTS
Equations of Motion
We have already seen the changes in the flow pattern due to membrane-water
interaction in the pressure driven flows (equation 14 and the flow profiles calculated
from it) and we note that Poiseuille flow is one limiting case.
Equationsfor Self-Diffusion
We now wish to apply the equations of motion to the self-diffusion case. We first
note that in a self-diffusion experiment, the center of mass does not move (v = 0)
as the water and tritiated water merely exchange for each other. In this case the
equations of motion for water and tritiated water from equation 5 are of the form:
-cwV/w - Fwt(vo- Vt) -Ftwmv = 0, (20)
-CtVAt-Ftw(- t- w)- Ftmvt = 0, (21)
adding equations 20 and 21 and noting that Fwm/pto = Ftm/pt we get that
(Ftm/pt)(pwvw + pOOt) = 0, (22)
or Jw4 = -Jt (where we have used the Gibbs-Duhem relation and VP = 0) as
would be expected for the case where the center of mass is stationary. Thus only one
independent equation governs the flow and it can be written in averaged form:
Jsd = [f x dx/(Fwt + Fw*X] (Aw/Ay). (23)
The solutions to this equation depend on the value of n and are tabulated in Table I.
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TABLE I
AVERAGE SELF-DIFFUSION FLOWS AS A
FUNCTION OF THE PARAMETER n
[Jad/(A&r/AY)] = f (ydy)/(F"t + Fmy")
0 1/(Fwt + Fv*m)
1 (2/F*) [1 - (Fot/F*,) In I(Fwt + F*)/F1.* }]
2 (I/F,t) In {(Fto + F.*)/FFtJ
hs = F/*Fvt
3 (2/Fwt) [(1/6h) In ((1 - h + h')/(l + h)2} + (1/hV13) tan-' ((2 - h)/hV31
- tan'l (-1/v'3)]
4 h2 = Fm/Ftwg (1/F*,h) tan-l [l/h]
h-= F*_/F
6 (1/F.*)[(1/6h2) In {(1 + h)2/(l- h + h2)) + (l/h2'V) tan-' ((2 - h)/hV31
- tan'l (-1/v'311
We also must calculate the total flow for each case in Table I and for each profile
described by equation 14. This is done by performing an integration over the pore
cross-section of the following form
,a
(J) = (2/aa) JLrdr. (24)
Where JL is the flow along any streamline and (J) is the total flow per unit area.
To evaluate the diffusional flows in Table I it was necessary to supply some value
for the term F, The value obtained by Wang (18) for the self-diffusion of water
in the absence of a membrane was used for this.
To choose a range of values for the parameter F,* aqueous diffusion coefficients
for a number of biological substances was used to calculate the corresponding
fractional coefficient for their diffusion through water. Although a crude means of
estimation, this method should provide an order-of-magnitude estimate and since
we allow the value of this parameter to range over three orders of magnitude in our
calculations, the range should cover all possible variations in this parameter's
value. Fig. 7 shows the variation of total self-diffusion flow, DF, as a function of
F"*S for various values of the parameter n.
In Fig. 8 the ratio Q/Qp of total filtration flow Q to Poiseuille flow Q, for the
same driving force is given as a function of A = a(Fw,*/1)112, again with n as a
parameter.
Using the relation between A and Fw* we can now calculate the predicted ratio g
of total filtration flow to self-diffusion flow for a given pore size as a function of
the parameters A and n. Using a pore radius a of 10 A leads to the values of the
flow ratio g shown in Table II. The important thing to note is that for a given pore
radius, g = (v,)/J,d can vary considerably. This would suggest that measurements
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FIGuRE 8 The ratio of total filtration flow to Poiseuille flow as a function of the inter-
action parameter A with the exponent n as a parameter.
of pore size in narrow pores may indeed tell more about the interaction between
water and membrane than any physical dimension. Pappenheimer used the one-
dimensional approach to deduce the "pore size" in capillaries in the cat's hind foot.
He obtained a radius of about 35 A. For such pores, the "wall effect" may be
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TABLE II
RATIO OF FILTRATION FLOW TO DIFFUSION FLOW g FOR PORE SIZE
a = 10 A AS A FUNCTION OF THE PARAMETERS A AND n
A n.. 0 1 2 4 6
0.1 6.7 6.7 6.7 6.7 6.7
0.5 6.4 6.6 6.6 6.6 6.7
1.0 5.8 6.3 6.5 6.6 6.7
2.0 4.2 5.4 5.9 6.4 6.6
4.0 2.4 3.6 4.6 5.8 6.3
6.0 1.7 2.6 3.6 5.1 5.9
8.0 1.4 2.1 2.9 4.5 5.6
10.0 1.2 1.7 2.5 4.1 5.2
negligible. Solomon and others have used the one-dimensional approach to estimate
the size of "equivalent pores" in cell membranes and obtained values less than 10 A!
In such cases the wall effect is almost certainly not negligible. The question then
becomes: what was actually measured? Without an independent measurement, the
contributions of size and water-membrane interaction can not be sorted out. One
attempt to find an independent measure of pore size is the use of probe molecules
of known radius. The result of these experiments tends to confirm the result of the
flow ratio method but this may be fortuitous. The approximations made in the probe
method are very gross, for instance the use of Faxen's equation which is only true
when the particle is much smaller than the pore (17).
SLITLIKE PORES
We will now repeat the above calculation for pores of a different geometry, namely
rectangular slits with a width 2a and a length L such that L >> 2a. We also modify
the model of the frictional interaction in the following way: instead of an interaction
which falls off in some smooth fashion with distance from the membrane matrix, we
consider the interaction to be constant over some finite distance 5 and then zero
else where. It will be shown that varying the parameter a has roughly the same
effect as varying n in the above model. The advantage to this treatment is that the
equations obtained are now capable of being solved in matrix form and thus can be
extended to include any number of solute species. Each individual solute's local
interaction with the membrane can thus be modeled in terms of its value of A and
B. In this paper we will not treat solute flow but continue our analysis of water flow
alone. In the next paper, solute flows will be introduced and the influence of local
interactions on slab average frictional coefficients and the reflection coefficient a
will be studied.
For the slit geometry the equation of motion (equation 4) takes the form
d2vI/dr2= B for 5 _ r ! 0, (25)
d2v,I/dr2 - aC2VI" = B for a _ r . 5. (26)
BIOPHYSICAL JOURNAL VOLUME 12 19721654
Where r is now the coordinate variable perpendicular to both the flow path through
the membrane and the long axis of the rectangular pore cross-section.
Boundary conditions take the form
(27)dv /dr = 0 at r = 0,
Vy = VV)'
kat r = 6)
dvy/dr = dvI/dr r ,
vvi = 0 at r = a.
(28)
(29)
(30)
Using the change of variable
x = (r/a) (31)
equations 25 and 26 become
d2vI/dx2 = Ba2,
d2V'/dX2 - Av'I = Ba2.
The solution has the following form:
VV = v. for
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0 _ X _ d; v. = v, for d . x < 1.
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(34 a)
O Qip 0.2 0.3 0O 0.5 0. 0.7 0.5 0.9 1.0
VE LOCITY
FioURE 9
FiGupm 9-13 Flow profiles for slitlike pores. Velocity relative to maximum velocity
for Poiseuille flow is on the horizontal axis vs. distance from the pore wal 1 - x in the
vertical direction. The value of the fractional distance the water-membrane interaction
extends into the pore, d = d/a, appears in the lower right-hand corner of each plot. The
values of the interaction parameter A appear alongside each curve at the top of each plot.
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Where d = d/a
VI = (Ba2/2){x2 + (2d/A2)tanh (A - d)
- (2/A2)sech (A - d) + (2/A2)
-(d2/A2)1
(34 b)
vVI = (Ba2/2){(2/A2)[1 + {dsinh [A(1 - x)]
- cosh (Ax - d)}/cosh (A - d)]}. (34 c)
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The solution for the diffusion flow is very simple:
J.a = {d/Fwt + (1 - d)/(Fwt + Fw*)} (AT/Ay).
The flow proffles corresponding to equations 34 are plotted in Figs 9-13. Table III
gives the values of the flow ratio g for a slit with 2a of 20 A as a function of A and
d. Each of these results corresponds closely to the results obtained for cylindrical
geometry above.
DONALD C. MuILcKY Flow Equations for Membrane Transport 1657
TABLE III
RATIO OF FILTRATION FLOW TO DIFFUSION FLOW g FOR A SLIT OF
WIDTH 2a (a = 10 A) AS A FUNCTION OF THE PARAMETERS A AND d
A d.. 1.0 0.9 0.8 0.6 0.4 0.2 0
0.1 13.3 13.3 13.3 13.3 13.3 13.4 13.4
0.5 12.1 12.5 12.5 13.0 13.2 13.4 13.4
1.0 9.7 10.3 10.8 12.0 12.9 13.3 13.4
2.0 5.6 6.2 7.1 9.4 11.7 13.2 13.4
4.0 2.4 2.8 3.5 6.2 9.4 12.8 13.4
6.0 1.5 1.8 2.3 4.3 7.9 12.2 13.4
8.0 1.2 1.4 1.7 3.7 7.1 11.7 13.4
10.0 1.1 1.2 1.5 3.4 6.7 11.3 13.4
DISCUSSION
We have presented a concept for modeling flows through membranes using con-
tinuum mechanics. The obvious advantage to this approach is the ability to in-
corporate explicitly viscous interactions (due to velocity gradients) and to model
local water-membrane interactions with their position dependence before obtaining
slab averages.
A number of conclusions can be drawn from the results of this calculation. First
of all the two "kinds" of dissipative forces, viscous and frictional, do not show up as
a simple linear combination in the resultant flow equations. This casts doubt on the
procedure of modeling filtration coefficients as linear combinations of Poiseuille flow
and a "diffusion term" (16, 19-21). It also casts doubt on the interpretation given
to experiments done to estimate the relative diffusion flow vs. hydrodynamic flow
making up the total pressure-driven water flow through membranes (22). Since the
splitting of the forces into a viscous and frictional term is somewhat arbitrary in the
first place (23), it is gratifying to see that this distinction is lost in the macroscopic
result of the continuum mechanical model. One is tempted to suggest that the
continuum mechanical approach is a handy tool for calculation of macroscopic
phenomena, but like the phenomenological theory of nonequilibrium thermody-
namics, it leads to no direct interpretation of mechanisms. It brings us a step closer
to molecular events, however, in that we incorporate specific information about
local geometry and interactions. We also provide a means by which we can proceed
from molecular information through statistical mechanics to macroscopic observ-
able phenomena. Although Bearman and Kirkwood's statistical mechanics may not
be the exact means by which it will be achieved, there may be a modification of their
approach which can incorporate specific information about the presence of a
membrane (24, 25).
A second conclusion is that two experiments are not adequate to estimate "pore
size" in any membrane where there exists a significant interaction between water
and the membrane material. Some independent measurement which can be used in
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estimating water-membrane local frictional coefficients is necessary. One wonders
whether vapor-sorbtion isotherms could yield such information. Information of this
sort is not directly available for biological membranes, but can be obtained from
models using biological materials (26). Alternatively, if some other means of de-
termining the porosity of a membrane is available, the continuum mechanical theory
can provide a means for calculating local water-membrane interactions. Experiments
with model membranes of regular pore size coated with biological molecules (27,
28) may be very useful in this respect.
A third conclusion is that the presence of velocity gradients presents a severe
limitation to the application of most popular versions of nonequilibrium thermody-
namic formalism. Although the network thermodynamic approach (29, 30) seems
to have a great deal of promise, it is not clear that viscous flow is within the domain
of the connected topologies this approach is applicable to. Oster et al. (30) refer to
work by Kron (31) in which the Navier-Stokes equations are modeled by network
analogues. The work referred to is a case in which the viscous term has been de-
liberately omitted. The significance of this fact needs further investigation.
Some recent experimental work on water diffusion in lecithin-water lamellar
systems (32-34) provides evidence for the fact that the interaction between water
and/or solutes and the lipid lameilae is position dependent as this model assumes.
The equations for the slitlike geometry are now being applied to this experimental
data in order to calculate local lecithin-water frictional coefficients.
The author is indebted to the Committee on Institutional Research for providing support for use
of the Meharry computer for calculating flow profiles as well as paying the page costs for the publica-
tion of this paper, and to John Scott of the Meharry Computer Center for his help in getting programs
debugged.
The author is also grateful to Barry J. Bunow and Peter Sherwood for help with the original com-
puter programs and also many valuable discussions.
Receivedfor publication 31 May 1972.
REFERENCES
1. BEARMAN, R. J., and J. G. KmIKWOOD. 1958. J. Chem. Phys. 28:136.
2. MANmN, G. S. 1972. J. Phys. Chem. 76:393.
3. MIKULECKY, D. C. 1969. The Biological Aspects of Transport. In Transport Phenomena in
Fluids. H. Hanley, editor. Marcel Dekker, Inc., New York. 433-494.
4. Soo, S. L. 1967. Fluid Dynamics of Multiphase Systems. Blaisdell Publishing Co., Waltham,
Mass.
5. SNELL, F. M., and R. A. SPANGLER. 1967. J. Phys. Chem. 71:2503.
6. VAMDHYANATHAN, V. S., and W. H. PmucNs. 1964. J. Theor. Biol. 7:329.
7. KEDEM, O., and A. KATCHALSKY. 1958. Biochim. Biophys. Acta. 21:229.
8. MIKULECKY, D. C. 1967. Biophys. J. 7:527.
9. KEDEM, O., and A. KATCHALSKY. 1961. J. Gen. Physiol. 45:143.
10. FkmcmL, I. R., and S. B. HOROWITZ. 1970. J. Phys. Chem. 74:2966.
11. SPIEGLER, K. S. 1958. Faraday Soc. Trans. 54:1409.
12. REKTORYS, K. 1969. Survey of Applicable Mathematics. The M.I.T. Press, Cambridge, Mass.
13. MIKULECKY, D. C. 1969. Biophys. Soc. Annu. Meet. Abstr. 9:A-43.
DONALD C. MIKuLECKY Flow Equations for Membrane Transport 1659
14. MIKULECKY, D. C. 1970. Biophys. Soc. Annu. Meet. Abstr. 10:43a.
15. PAPPENHEMER, J. R., E. M. RENKIN, and L. M. BoRRERo. 1951. Am. J. Physiol. 167:13.
16. SOLOMON, A. K. 1968. J. Gen. Physiol. 51:335 S.
17. HAPPEL, J., and H. BRENNER. 1965. In Low Reynolds Number Hydrodynamics. Prentice-Hall,
Inc., Englewood Cliffs, N. J. Fig. 7.35 on p. 317 and related text.
18. WANG, J. H. 1965. J. Phys. Chem. 69:4412.
19. GARY-BOBO, C. M., and A. K. SOLOMON. 1971. J. Gen. Physiol. 57:610.
20. MAURO, A. 1957. Science (Wash. D. C.). 126:252.
21. THAu, G., R. BLOCH, and 0. KErm. 1966. Desalination. 1:129.
22. ROBBINS, E., and A. MAURO. 1960. J. Gen. Physiol. 43:523.
23. ONSAGER, L. 1945. Ann. N. Y. Acad. Sci. 46:209.
24. ARANow, R. H. 1966. Phys. Fluids. 9:1721.
25. SNEL, F. M., R. H. ARANOW, and R. A. SPANGLER. 1967. J. Chem. Phys. 47:4959.
26. LErrCH, G. J., and J. M. TOBAS. 1964. J. Cell. Comp. Physiol. 63:225.
27. MIKULECKY, D. C., and J. M. TOBIAS. 1964. J. Cell. Comp. Physiol. 64:151.
28. BECK, R. E., and J. S. SHULTZ. 1970. Science (Wash. D. C.). 170:1303.
29. PEUSNER, L. 1970. Ph.D. Thesis. Harvard Medical School, Boston, Mass.
30. OsTER, G., A. PERELN, and A. KATCHALSKY. 1971. Nature (Lond.). 234:393.
31. KRON, G. 1945. J. Aeronaut. Sci. 12:221.
32. GARY-BOBO, C. M., Y. LANGE, and J.-L. RIGAUD. 1971. Biochim. Biophys. Acta. 233:243.
33. RIGAUD, J.-L., Y. LANGE, A. GoTEB, and C. M. GARY-BoBo. 1972. Biophys. Soc. Annu. Meet.
Abstr. 12:184a.
34. LANGE, Y., C. M. GARY-BOBO, J.-L. RiGAUD, and A. K. SOLOMON. 1972. Biophys. Soc. Annu.
Meet. Abstr. 12:184a.
1660 BIoPHYSICAL JouRNAL VOLUME 12 1972
